Optical bistability induced by nonlinear surface plasmon polaritons in graphene in terahertz regime We demonstrate optical bistability in a prism-air-graphene-dielectric structure. Under a moderate electric field in the terahertz frequency regime, the third order nonlinear optical conductivity is comparable to the linear conductivity. The nonlinear conductivity enhances the energy of surface plasmon polaritons. Both the energy and frequency of the surface plasmon polaritons depend on the strength of the nonlinear current in the graphene layer. When considering excitation in the Kretschmann configuration, the reflectance as a function of frequency exhibits bistability. The origin of the bistability is the field dependence of the plasmon mode. We have determined the parameter regime for the occurrence of bistability in this structure. In a nonlinear system, due to a self feedback mechanism, multiple stable states under a given external condition can occur. For example, in a two dimensional semiconductor double-barrier-resonant-tunneling (DBRT) junction, the tunneling I-V curve exhibits tristability when the tunneling is assisted by the plasmon excitation in the resonant quantum well.
1 In the DBRT junction, the tunneling current is determined by the excitation in the resonant well where the plasmon excitation occurs, and the plasmon energy is determined by the charge concentration or the current. As a result, there is a selfconsistent condition to determine the current and tristability occurs in the I-V characteristics. In practice, only the top and bottom states can be probed experimentally and as a result the phenomenon is more often referred to as bistability. Such a transport bistability can also occur when there is a nonlinear electron-photon coupling in the resonant well.
2 Optical bistability occurs when light is reflected by a metal surface where surface plasmon polaritons (SPPs) are excited. 3 With recent rapid progress in graphene research, many different avenues to explore nonlinear effects have opened up. Graphene has shown exceptional electronic, mechanical, and optical properties, [4] [5] [6] [7] [8] such as very high electronic mobility and universal conductance as well as the carrier concentration and the plasmon frequency in graphene exhibiting tunability by varying the gate voltage. Graphene based radiation sources, detectors, and modulators [9] [10] [11] [12] [13] [14] have been proposed and investigated and it has been shown that graphene is a strong nonlinear material which could lead to many more potential applications. [15] [16] [17] [18] [19] [20] The required threshold field for graphene to exhibit the nonlinear effect is rather moderate, in the order of a few kV/cm.
Recent experimental and theoretical works have shown that graphene can support SPP's. [21] [22] [23] [24] [25] [26] [27] There is a significant enhancement (up to two orders of magnitude) of light radiation from graphene SPPs where the graphene sheet is deposited on a periodic dielectric substrate. We have shown recently that the strong nonlinear conductivity in graphene can lift the SPP dispersion above the photon line in a dielectric. 28 As a result, the SPPs can be transformed into radiation by a moving electron beam. When light is incident on the dielectrics above the graphene and reflected at the interface, the SPPs can be excited. In the nonlinear regime, the SPP energy is dependent on the intensity of the incident light and the reflection is dependent on the SPP energy. This gives rise to the self-consistent condition for the reflection coefficient. We shall demonstrate that the reflection coefficient involving nonlinear SPPs in graphene can give rise to optical bistability. Optical bistability can also occur when we consider one of the dielectric layers to be nonlinear; 3 however, graphene is a stronger nonlinear material and nonlinearity occurs in graphene at a weaker field under which the dielectrics remain a linear system. There has recently been some theoretical interest in optical bistability involving the nonlinear effect of graphene in a 4-layer structure, 29 and in a free-standing graphene sheet. 30 The result presented in this work is quite distinct to these previous works. In Ref. 29 , only the linear conductivity is complex while the nonlinear conductivity is purely imaginary. As a result, there were no nonlinear SPPs being excited on the graphene sheet. In Ref. 30 , SPPs were not present at all since it is free standing graphene. The origin of the bistability reported here is due to the nonlinear SPPs. Therefore, the bistability characteristics in both the frequency domain and the field domain in the present system are also quite different to those of previous systems.
In our analysis, we shall only consider a situation where the frequency of the incident field is low such that only the intraband transition in graphene is involved. The intraband conductivity can be obtained by solving the Boltzmann equation 
is the equilibrium Fermi-Dirac distribution, e ¼ v F jpj is the linear energy dispersion for a graphene sheet, p ¼ pðcos u; sin uÞ ¼ ðp x ; p y Þ is the momentum, v F is the Fermi velocity, f is the non-equilibrium Fermi-Dirac distribution, l is the chemical potential, and s is the relaxation time of electrons and holes in the graphene sheet. As we need to include charge carriers in the lower band (where ¼ Àv F jpj), we shall henceforth use the notation that f ¼ f þ À f À , where the þ(À) refer to the upper and lower bands, respectively. To find the non-linear distribution function, f, we expand it into components oscillating at frequencies from Ànx to nx. The nth order nonlinear term (the term proportional to the 6nx power of the electric field) can be written as
If we substitute this into the Boltzmann transport equation and match terms with the same frequency when using an electric field along the x-axis, E ¼
Àixt ð Þ , we obtain
for 0 l b n 2 c, where E 0 is the incident field strength. For the nth order term oscillating at frequency nx, we have the simpler form
The nth order conductivity at frequency kx can be written as
ð 6e ð Þv x f kx n;6 dp;
where the summation over the two bands will be suppressed from here on. It is noted that only the terms with odd n contribute to the nonlinear current. Terms with even n vanish after integration over the momentum space. The nth order current is of the form J ¼ P n i¼0 r i E i . By comparing terms oscillating at the same frequency, we can find the conductivity at any frequency and order. From Eqs. (2)- (5), the linear and lowest order nonlinear conductivities are given as 28, 30 
Here p, x, and s À1 are all given in units of energy, i.e., v F p ¼ e ! p; hx ! n, and hs À1 ! c. Also, r 0 ¼
À8 eV 2 cm/V and E 0 , the incident field, is specified in units of V/cm. The I n terms in Eqs. (6)- (8) are given by
cos u dup dp:
At T 6 ¼ 0 we can retrieve the expected 32 1st order conductivity
It is possible to calculate the values of I n analytically when T ¼ 0 for any n. 1st and 3rd orders at T ¼ 0 are given by I 1 ¼ Àl and I 3 ¼ 3 4 1 l , respectively. As has been seen previously, 32 SPPs can be efficiently excited in the Kretchmann configuration. We now show that the optical nonlinearity of the graphene layer will result in optical bistability when attempting to excite SPPs with a strong incident field.
The model system is shown schematically in Fig. 1 . A graphene layer is grown on a dielectric with dielectric constant 1 and above the graphene sheet is a different dielectric with dielectric constant 2 . The system we are considering is shown in Fig. 1(b) . In this case, a prism ( 3 ) is placed at distance d above the air layer ( 2 ). This configuration will allow for the SPPs to be excited provided the incident angle is such that the wavevector of the incident photons match those of the SPPs. The field components are determined by the boundary conditions. At z ¼ 0 (the boundary between 3 and 2 )
At z ¼ d (the boundary between 2 and 1 )
From Eqs. (11) and (12), we obtain the following nonlinear relationship for r ¼ E r =E i , the ratio of reflected to incident fields Here
h is the angle of the incident light relative to the normal of 3 . The value for t ¼ E À 1;x =E i can be obtained from the relation te
At high fields, Eq. (13) gains an extra two complex roots. As a result, optical bistability occurs as can be seen in Fig. 2 . In Figs. 2-5 , we have used the following parameters: 1 ¼ 5; 2 ¼ 1; 3 ¼ 14; l ¼ 0:45 eV, c ¼ 0:1 meV, and d ¼ 2:51lm (unless specified in the plot). The incident intensity is defined as I ¼ The optical bistability has the nature of a feedback effect due to the nonlinear SPP's in the graphene layer. The nonlinear part of the optical conductivity is proportional to the electric field intensity (or the energy density of the electric field) and inversely proportional to the electronic energy. While the nonlinear conductivity does not seem to be large, the effect it has is still quite drastic due to the effective field enhancement on the lower side of the graphene sheet as seen in the inset of Fig. 2 . For a specific angle and frequency, light reflecting through the prism will couple to the SPPs in the graphene sheet. If the light intensity is strong enough, the excited SPPs are nonlinear and the SPP energy is dependent on the amplitude and frequency of the incident light. Since the reflection can be viewed as a re-emission of light from the interface, the reflected light is dependent on the SPP energy. As a result, the reflectivity exhibits bistability. An interesting and unique property of the bistability reported here is that it can be tuned by varying the chemical potential of the graphene and the intensity and frequency of the incident light. The bistability in the frequency domain gives rise to a hysteresis loop when the reflected field is plotted as a function of the incident field as shown in Fig. 3 . This hysteresis-like loop appears when we have an incident field with frequency above the critical frequency, x c . This plot can be seen as vertical slices of Fig. 2 at different frequencies and with the field allowed to vary.
It should be noted that excitation of SPPs in graphene only occurs for a specific value of the incident angle, denoted h 0 , which is a function of d, l, and c. For any combination of these parameters, we can (sometimes) find a frequency, x 0 , and angle, h 0 , at which the reflectivity will be 0 in the linear case. The critical intensity I c and the critical frequency x c (the intensity and frequency at which at which an onset of bistability occurs) are plotted in Fig. 4 .
It can be seen that there is a reasonably quadratic relationship between I c and l and that x c decreases with l. Because of these two factors, we find that there is a chemical potential such that I c is minimised ($575W=cm 2 at $ 0:4eV in this case) and that there will be a cutoff value for l below which bistability will no longer be possible due to the critical frequency being too close to 0. Due to the complexity of the expressions, it is not possible to find an analytical relationship between I c , x c , and l.
The reflection characteristics (location and width) are strongly dependent on the relaxation rate c. If c is too large a true zero in the reflection disappears. Fig. 5 shows the variation of bistability with c. As c increases, the bistability is "straightened out," indicating that a larger field is required to observe bistability. The value of d also has a similar effect. Both d and c affect how the incident waves are being reflected (in the linear case), which in turn will affect the location and possibility of bistability. Finally, it should be pointed out that the nonlinear conductivity used in this has its limitations. As the field intensity increases further or the frequency decreases, the subsequent higher order terms in the conductivity can become important.
In summary, we have shown that the reflection of light at the interface of two dielectrics situated above a graphene sheet exhibits bistability which is caused by the excitation of nonlinear surface plasmon polaritons in the graphene layer. 
